Thuviendientu.org

CO HOC LY THUYET
(Tém tit Iy thuyét & Bai tdp mau)

Trinh Anh Ngoc

15/10/2009



Thuviendientu.org

Loi khuyén
We are what we repeatedly do. Excellence, then, is not an act, but a habit.
Aristotle

Khong ai hy vong hoc boi ma khong bi uét. Cang khong ¢é ai hy vong
hoc boi ma chi nhd doc sich hay nhin ngusi khac boi. Boi 16i khong thé hoc
ma khong c6 thuc hanh. Chi ¢6 mot cach hoc 1a ty "ném” minh xuéng nudc
va tap luyén hang tuin, tham chi hang thang, cho d&€n khi bai tap luyén trd
thanh phan xa nhe nhang. Tuong ty nhu vay, co hoc khong thé duge hoc
mdt cach thu dong. Khong gidi quyét nhiéu bai toan cé tinh thach thic,
ngudi sinh vién khong c6 cach nao khac d€ kiém tra ning luc hi€u biét cta
minh vé mo6n hoc. Pay la nai sinh vién giat hai dugc sy ty tin, cAm giac théa
man va 16i cudn ndy sinh nhd sy hi€u biét xac thuc vé cac nguyén 1y 4n tang.
Kha ning gidi cac bai toan 1 ching minh t6t nhat sy nim viing mon hoc.
Nhu trong boi 16i, ban gidi cang nhiéu bai todn, ban cang sic x3o, nim bt
nhanh cac k§ ning gidi toan. D€ thu lgi day du ti cac thi du va bai tap dugc
gidi trong tai liu nay (cing nhu sich bai tAp ma ban cd), tranh tham khéo
ngay 151 gidi qua sém. N&u ban khong thé gidi bai toin sau nhiing né lyc ban
dau, hay thit ¢d ging lan nia! Né&u ban tim doc 161 gidi chi sau nhiéu lan
nd luc, né sé duge git lai trong tri ban modt thoi gian dai. Con n€u ban tim
ra dugc 1oi gidi cda rieng minh cho bai todn, thi nén so sinh né véi 16i gidi
trong sach. Ban c6 th€ tim thay & d6 15i gidi gon hon, cach ti€p can thong
minh hon.

Tai liéu 6n tap nay khong thé thay thé& cho sach Iy thuyét va sach bai
tap vé cd hoc. N6 chi c6 tac dung gitp ban 6n tip c¢6 chi di€m vé mot s6
van dé quan trong trong chuong trinh mén co hoc 1y thuyét. Mot diéu quan
trong: vi mot cudn sach bai tap néi chung thudng chia dung nhiéu, rat nhiéu
cac thi du va bai tap, ban tuyét d6i nén tranh c¢6 gidng nhé nhiéu k§ thuat
va 151 gidi cda né; thay vi thé, ban nén tap trung vao sy hi€u biét cac khai
niém va nhing nén tdng ma né ham chaa. Hay bit ddu HOC va TAP.

Chic ban thanh cong.
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Chuong 1
PONG HOC

D& hiéu va biét cach gidi cac bai toan cd hoc sinh vién nhat thi€t phai nim
viing ly thuyét vé co hoc. Phan 1y thuyét dusi day chi 1a tém luge cac diém
chinh, sinh vién nén hoc lai phin 1y thuyét tuong tGng trong cac sach ly
thuyét.

1 Phuong phap mo ta chuyén dong

Kién thiic cAn bi€t: (1) dai s6 vecto va (2) gidi tich vects (xem Ch. 0, [1]). Lam
cic bai tap tu 1 dén 8.

1.1 Heé toa do

Toa d6 Descartes Toa d6 tru Toa d6 ciu

Hinh 1: Vecto co s3 dia phuong
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+ Hé toa do Descartes:

M(z,y,z) & r=zi+yj+zk (L1)
= dr = (dx)i+ (dy)j + (dz)k (1.2)

+ Hé toa do tru:

M(r,p,z) & r=re + ze, (1.3)
= dr = (dr)e, + (rdy)e, + (dz)e, (L4)

trong d6 e,, e,, e, la cic vects co s& dia phuong cia toa do tru tai M.
+ Hé toa do cAu:

M(r,p,0) < r=re, (L5)
= dr = (dr)e, + (rdp)e, + (rdf)eq (L.6)

trong d6 e, e,, eq la cic vecto co s§ dia phuong ctia toa do ciu tai M.

Heé toa do | Quan hé véi toa d0 | Vecto co sd dia phuong
Descartes
Tru T =TCosp e, = Cos i + sin ¢j
(ryp,2) | y=rsing e, = —sin i + cos ¢j
z2=2z e,=k
Cau x =rsinf cosy e, = sinf(cos pi + sin j) + cos Ok
(r,p,0) | y=rsinfsing e, = sin f(— sin i + cos ¢j)
2z =rcosf ey = cos f(cos pi + sin pj) — sin Ok

Hinh 2: Vecto co sé dia phuong cia toa d6 ty nhién.

Trén dudng cong C, chon diém M, va mdt chiéu duong trén C. Hoanh
d6 cong ctia diém M trén C 1a s6 dai s6 s c6 tri tuyét d6i bing chiéu dai cung

MyM va 14y dau cong néu chiéu tit My d&€n M 1a chiéu duong, d4u trit n&u
ngugc lai.
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Hinh 2 th€ hién céc vecto co s dia phuong ctia hé toa dd ty nhién
(hoanh do cong s) clia dudng cong c¢6 phuong trinh tham s6 r = r(s).
Vecto ti€p tuyén don vi t:

_dr

t=—. 1.7
s (L7)
Vecto phap tuyén don vi n duge xic dinh sao cho
de =kn = ln, (L8)
ds p

trong d6 k = 1/p 1a do cong, p 1a bdn kinh cong (cia dudng cong) tai M. Chu
¥, vecto phdp tuyén don vi n luén hudng vé bé lom ciia duomg cong C.
Vecto ludng phap tuyén don vi:

b=t xn. (L9)
+ Toa d6 ty nhién:
M(s) & r=r(s) (L10)
= dr=(d )@—(d )t (L11)
r=(ds)-- = (ds .

1.2 Luat chuyé&n dong - Van toc - Gia toc

Phuong phap | Luat chuyén dong | Van toc Gia tdc
Vecto r=1(t) r r
Descartes v = ft) L. e
{ij. k} y g9(t) (,9,2) (Z,9, 2)
s z = ht)
T ro= f{) T
{eru e, k} { Y = g((t)) (T>TQ0>Z) (T _TQ0272TQ0+TQ0>Z)
e z = h(t
Cuc r = f(t) - . 9 e .
eey | Lo o | G | 6o AR
Tu nhién B . L
{t. 1, b} s = f(t) (v,0),v =24 (v, ;)
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Toc do v = |v|.

Trong toa d6 tu nhién, tdc do6 v = 3, gia tdc ti€p wy = 0, gia tdc phap
w, = v%/p.

Cong thic tinh ban kinh cong (ky hieu w = |w|):

,U2

2

p= (1.12)

w? — w?

Tich v6 huéng v - w ctia van t6c va gia toc thé hién sy nhanh cham
ctia chuyén dong

>0 nhanh dan

v.-w=v0{ <0 cham din (L13)
=0 déu

1.3 Vai chuyén déng quan trong

* Chuyén dong tron. Diém chuyén dong tron trong Oxy quanh O. Ky hiéu: r
- vectd dinh vi diém, ¢ - géc quay, w = ¢ - van tdc gbéc, G = wk - vects van
téc géc. Van toc cta di€ém

V=W X (1.14)
Gia téc cia diém
W =€ xr—wr, (L15)
~— ——
W¢ Wn

trong d6 € = dd/dt (¢ = dw/dt) 1a vectq gia tdc goc.

Néu chuyén dong déu thi v = wR (w = const) va gia tdc huéng tAm
w = w?R (R - ban kinh ctia quj dao).
* Chuyén dong c6 gia toc xuyén tim

gia toc xuyén tAim < r x v = ¢ (const)= Quy dao phing
& van toc dién tich % = 1y x v = Lc (const).
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Cong thtc Binet:
me® [ d? (1 1

o Phan loai bai toan dong hoc diém

Bai todn thit nhat: Tim phuong trinh chuyén dong (luat chuyén dong),
phuong trinh quy dao, van tdc, gia tdc, gia toc ti€p, gia tdc phap, ban kinh
cong cua quy dao.

Bai todn thit hai: Khao sat chuyén dong nhanh dan déu, cham dan déu
va déu.

2 Chuyén dong cta co thé

Co thé 1a co hé ma khodng cich gitta cAc di€m cta né khong thay déi trong
qué trinh chuyén dong. Vi tri cta ¢ thé duge xac dinh bdi ba di€m khong
thing hang cla né.

2.1 Trudng van téc clia co thé

Dinh ly 1. Trudong van téc ciia mot c6 thé (S) la truong ddng chiéu

v(M)- MN=v(N)- MN VM, N € (S). (L17)

* Chuyén dong tinh tién

Co thé (S) chuyén dong tinh ti€n khi vecto néi hai di€m bat ky cia
nd ludn ludn ciing phuong véi chinh nd.

Trudng van toc, gia toc trong chuyén dong tinh ti€n 1a truong déu.
Chuyén dong clia (S) din vé chuyén dong ctia mot diém thuoc (S).

* Chuyén dong quay quanh mét truc c6 dinh

Co thé (S) chuyén dong quay quanh truc c6 dinh khi né ¢6 hai diém
c6 dinh. Truc quay la dudng thing di qua hai di€m c6 dinh nay. Cac diém
ndm ngodi truc quay chuyén dong tron véi tAm nim trén truc quay.

Goi k 1a vecto don vi cia truc quay (Oz), ¢ 1a géc quay.
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Phuong trinh chuyén dong: ¢ = ¢(#).

Trudng van tdc:
v(M)=d xr, (L18)

trong d6 & = ¢k 1a vecto van tdc gbc.

Trudng gia toc:
w(M)=€exr+dx (Jxr), (L19)

trong d6 € = ¢k la vecto gia tdc géc. Gia toc ti€p w; = € x r, gia toc phap
W, =d X (J xr).

* Chuyén dong tong qudt. Chuyén dich bat ky cta cd thé ti vi tri nay
sang vi tri khac, trong khodng thdi gian v6 cling bé (chuyén dong tic thai),
c6 thé dugce thyc hien nhd chuyén dong tinh ti€n, tuong tng véi chuyén dich
ctia mot di€m, va chuyén dong quay quanh truc di qua di€m 4y.

Trudng van tdc ctia c¢d thé trong chuyén dong téng quat (cong thic
Euler):

v(M) = v(C) + w(t)x CM . (1.20)

* Chuyén dong song phdng

C6 thé (S) chuyén dong song phing khi ¢6 ba diém khong thing hang
luon ludn chuyén dong trong mit phing (7) cd dinh. Khi khao sit chuyén
dong song phing ta chi cAn xét chuyén dong ctia mot ti€t dién ctia né (phan
giao clia cd thé véi (7). Chuyén dong tic thoi cia cd thé gdm: chuyén
dong chuyén dong quay quanh mot truc vudng géc véi (r), va chuyén dong
tinh ti€n xac dinh bdi chuyén dong cia giao di€ém truc quay tic thsi véi mit
phéng () goi 1a tdm vdn téc tiéc thoi.

o Phan loai bai toan dong hoc cd thé

Bai todn thit nhdt: Khao sat chuyén ddng quay ctia ¢ thé€ quanh truc cd
dinh. Van dé&: tim ¢, w, € clia ¢d thé; van tdc, gia t6c clia mot diém nao do6
trén c6 thé.

Bai todn thit hai: Bai toan chuyén dong.

Bai todn thit ba: K&t hgp v6i chuyén dong quay véi chuyén dong tinh
tién.

2.2 Hgp chuyén dong

e Hé quy chi€u c¢6 dinh (T') = Oxyz, chuyén dong ctia M dai vé6i (T) goi
13 chuyén dong tuyét d6i. v,, w, - vAn tdc, gia toc ctia M d6i véi (T),
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goi 12 van toc, gia tdc tuyet doi cia M.

e Heé quy chi€u dong (T1) = Oizy121 ((T1) chuyén dong doi véi (T)),
chuyén dong ctia M d6i vé6i (11) goi la chuyén dong tuong d6i. v, w,
- van tdc, gia toc ctia M do6i véi (Th), goi 1a van tdc, gia tdc tuong doi
cua M.

e Chuyén dong ctia (T3) d6i véi (T) goi 1a chuyén dong theo. Chuyén
dong cia di€m P, gdn véi (T}) trang v6i M tai thoi diém dang xét, doi
v6i (T') goi la chuyén dong theo ctia M. v., w,. - van tdc, gia t6c clia P
de6i vé6i (T), goi 1a van tdc, gia toc theo cia M.

* Cong thiic cong van toc:

Vo =V, + V. (L21)
* Cong thiic cong gia toc:
Wy, = W, + W, + W, (1.22)
trong dé
W, = 20 X V, (1.23)

Ia gia t6c Coriolis sinh ra do chuyén dong quay cda (7y) d6i vé6i (T).

o Phan loai bai toan hgp chuyén dong
Bai todn thit nhdt: Bai toan t6ng hgp chuyén dong.
Bai todn thit hai: Bai toan phan tich chuyén dong.

x Chuyén dong song phdng 1a chuyén dong trong d6 6 thé c¢6 ba di€ém
khong thing hang thudc c¢d thé luon ludn chuyén dong trong mot mit phing
c6 dinh. Chuyén dong song phing dugc xét bing cach khao sat chuyén dong
ctia hinh phing S thudc ¢6 thé nim trong mit phing c¢d dinh. Giao diém
clia truc quay tic thoi clia ¢8 thé véi mit phdng ¢ dinh goi 13 tAm quay hay
tAm van toc tdc thoi.

o Phan loai bai toan chuyén dong song phing

Tinh van t6c géc clia hinh phing, tinh van téc cia mot diém bat ky
trén hinh phing.

Tinh gia t6c géc clia hinh phing, tinh gia t6c ctia mot diém bat ky trén
hinh phing.

Thi dy vé chuyén dong song phing sinh vien doc k§ 10i gidi cac bai tap

32, 3.3, [1].



Thuviendientu.org

Chuong 2
PONG LUC HOC

1 Cac dinh luat Newton

Noi dung cic dinh luat, xem Muc 1.2, [1].

1.1 Luc
Quan hé gitta luc va chuyén ddng la noi dung cia dinh luat thd hai
F =mw. (2.)

% Lyic hdp ddn. Hai vat khéi lugng mq, mo hit nhau bdi luc c6 phuong
la dudng ndi khdi tAm clia ching va do 16n bing

mimso

F=GT,

(2.2)

trong d6 d 1a khodng cach hai khéi tam va G ~ 6,67 x 10~11m3/s?kg 1a hing
s6 hap dan.

Trong luong clia mot vat 13 modun cia lyc hit do trai dat tic dung lén
vat.

% Lyc ma sdt. Luc ma sat nim trong mit phing ti€p xic gilia cac vat,
ngugc huéng véi chiéu chuyén dong cta vat hay chiéu cda lyc tic dung vao
vat. V& d6 16n luc ma sat i 1& v6i phan luc phap tuyén
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trong d6 n 1a hé s6 ma sat.

* Luic cdn ctia moi truong. Vat chuyén dong trong moi trudng nhu khong
khi, nudc,...luon luon chiu mot stc cdn ¢ huéng nguge véi huéng chuyén
dong va c6 do 16n ti & véi liy thia clia van tdc

F = pv“. (2.4)

He s6 ti 1é p phu thudc ban chat cia moi truong, kich thudc va hinh diang
cla vat; o 1a hiing s6 phu thudc vao chuyén dong. Trong cic chuyén dong
v6i van toc 16n nhung khong vugt qua van tdc am, thuc nghiém cho thay,
lic cdn cla moi trudng ti 1&é véi binh phuong ctia van toc (o = 2).

Néu vat roi tu do trong khong khi thi Iyc cdn F sé ting dan tii 0 cling
véGi sy gia ting van tdc. Cudi cing thi F ciing sé biang trong luc mg cia vat.
Sau d6 van tdc clia vat s& khong ting 1én niia do khong cé gia téc. Van tdc
khong ddi nay, goi 1a van tSc gi6i han (xac dinh tit phuong trinh F = myg).

% Lyc dan hoi. Khi 10 xo bi kéo dan Az = 2 — 2y nd sé tac dung lén vat
gay ra luc kéo mot luc Fyy, ti [& v6i do gidn Az, nguge véi hudng luc kéo

Fy, = —kAx. (2.5)

Heé s6 ti lé k goi la do cling cda 10 xo.

1.2 Hai bai toan co ban ctia dong luc hoc

Cac budc can thuc hién khi phan tich mot bai todn co hoc:

+ Chon hé quy chi€u va hé toa dd gin v6i hé quy chiéu ay.

+ Chon d6i tugng khao sat (mot hay nhiéu vat).

+ Phan tich céc luc tac dung l1én d6i tugng khao sat (vé so dd luc).

+ Ap dung céc dinh luat Newton thi&t lap phuong trinh hay hé phuong
trinh xac dinh cac dai lugng can tim.

Cac bai toan dong lic hoc thudc vé mot trong hai dang:

Bai todn thudn. Cho chuyén dong clia chat diém tim luc tic dung lén
chat diém.

Bai todn ngugc. Cho luc taic dung lén chat diém tim chuyén dong cia
diém.
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1.3 Cac dinh ly tong quat ctia dong lyc hoc

No6i dung cac dinh 1y, xem Muc 1.5, 2.1, 2.2 va 2.3, [1]. Luu §¥ mot s6 khai niém
va cong thic cAn thiét dusi day.

* Khoi tdm cia mot hé 13 diém hinh hoc C xac dinh bai

1
e = M Z mgrg, (26)

trong d6 1, 13 vecto dinh vi chat diém thd k, M = > my 13 khoi lugng cia
toan heé.
* Dong luong ciia he
P= kavk = Mve¢.
Pinh ly 2 (Dinh ly dong lugng cta he).
P=>"F7. 2.7)
Dinh ly 3 (Dinh Iy chuyén dong khéi tam).
Mic =Y FY. (2.8)
* Mémen qudn tinh ctia hé d6i v6i diém O:
Jo =Y myri, 2.9)

trong d6 r; 13 khoang cach tit chat diém thi & dén O.

* Mémen qudn tinh ctia hé d6i véi truc A:

Ja=> mdy, (2.10)
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trong d6 dj, 13 khodng céch tii chat di€m tha & dén A.
* Tenxo qudn tinh 1a ma tran
Jm _me _sz
—J,

IJ=1| —Jp Jy —Jp |, (2.11)
_sz _Jzy Jz

trong d6 J,, Jy, J, 1a momen quan tinh cta hé d6i véi cac truc Oz, Oy, Oz;
Jrys Jzzy - .. 12 cdc mOmen quan tinh ly tAm cda hé

me = Jym = kal’kyka Jyz = sz = kaykzka sz = sz = kaZkl’k(212)

Néu n = [cos o, cos 3, cos¥]T 1a vecto don vi cda truc A thi Jo = n?Jn.
Pinh ly 4 (Dinh Iy Huygens).
Ja = Jo + Md?, (213)
trong dé d la khodng cdch giita hai truc.
* Cong thitc tinh momen qudn tinh cdn nhé
I. Thanh manh ddng chat chiéu dai I, khdi lugng M ddi véi truc qua khoi

tAm va vudng géc véi thanh

— 1 2
Jo = 5 MI. (2.14)

2. Vong dong chit ban kinh R, khai lugng M d6i véi truc qua tAm va
vuong géc véi mit phing chia vong

Jo = MR?. (2.15)

3. Dia tron ddng chat ban kinh R, khdi lugng M d6i véi truc qua tAm va
vudng géc vai dia

Lk:%MR? (2.16)
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4. Hinh tru tron déng chét ban kinh R, khai lugng M d6i véi truc hinh
try!
Jo = MR (2.17)
* Momen dong luong cria hé
L= Zrk X MEpvy =rc X Mve + Zr}C X MV} (2.18)

Dic biét, trong chuyén dong quay @,
L= Ja. (219)
Chi€u xudng truc quay A
La = Jaw. (2.20)
Pinh ly 5 (Dinh 1§ momen dong lugng cta he).

L=> rxF (2.21)

* Pong nang

1 1
T = 5 kavg = 5Mvé + kavf.

Truong hop dic biét:
(1) Chuyén dong tinh ti€n
1

T = SMZ. (2.22)

(2) Chuyén dong quay quanh truc A

T = %Jsz. (2.23)

IDay 1a cong thic tinh mémen quén tinh cho dng try. Trudng hop khdi try (dic) Jo =
1 2
s MR-.
2
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* Cong
Céng phan t6 ctia luc F lam chét diém thuc hién chuyén dich vo cling
bé dr, k§ hieu 6TV,

oW =F -dr. (2.24)
Cong (toan phdn) lam chat diém chuyén dich ti diém A dén diém B, ky
higu W,
W = F - dr, (tich phan dudng loai 2) (2.25)
C(A,B)

trong d6 C(A, B) la dudng cong dinh huéng ti A dé€n B.
Luc F goi 1a luc bdo toan né&u tdn tai ham V(z,y, 2) (chi phu thudc vi
tri) sao cho

F=-vyV (2.26)
Ham V dugc goi 1a ham thé hay thé nang. Ham U = —V goi la ham lyc.
* Vai cong thiic tinh cong ciia luc va ham thé
1. Céng ciia trong lyc (truc z thdng ding huéng lén):
OW =mg - dr = —mgdz. (2.27)

Cong toan phan (ti A dén B)

W =mg(za — zB). (2.28)
Ham thé& cia trong luc: V = mgz + C.

2. Cong ciia luc dan hoi gay ra do 10 xo d6 ctiing k c6 d6 gian x (10 xo ndm
ngang theo phuong z, gbc toa dd dugc chon & vi tri can bing)

OW = —kzdz. (2.29)

Cong toan phan (ti A dén B)
W = —(z5 — x3). (2.30)

Ham the ctia lyc dan héi: V = £a2,
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3. Cong cia lyc ma sdt
oW = —nR,dx. (2.31)
Cong ctia Iyc ma sat ludn luon Am (cOng can). Luc ma sat khong c6 thé.
4. Cong cia lyc trong chuyén dong quay quanh truc
W = wMa(F)dt, (2.32)

trong d6 MA(F) la chi€u cia mdmen lyc F xudng truc A, con goi la
momen clia lyc d6i véi truc A.

Pinh ly 6 (Dinh ly dong ning cda hé).
dT =Y "F ore + > FY - oy (2.33)

o Phan loai bai toan ap dung cac dinh ly tong quat

Bai todn thit nhdt: Dung dinh 1y bdo toan dong luong va dinh 1y bo toan
moémen dong lugng d€ tim chuyén dich ctia mot vai bd phan trong toan hé.

Bai todn thit hai: Dung dinh 1y dong lugng dé€ x4c dinh phan luc tai cac
lien két.

Bai todn thit ba: Dung dinh 1§ momen dong lugng va dinh 1y dong ning
dé€ xac dinh cac dic trung dong hoc cta chuyén dong.
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CO HOC GIAI TiCH

1

Cac khai niém co ban

Co hé gébm N chat diém

Mi(z1, 91, 21), Ma(22, Y2, 22), . .., Mn (2N, YN, 2N)

khdi lugng my, ma, ..., my. Vi tri cia hé duge xac dinh néu biét 3N toa do
T1,Y1, 215 T2, Yo, 22; - - -} TN, YN, 2N MOt vi trf cia hé duge goi 1a cAu hinh cla

hé. Gid st hé chiu r rang budc doc lap (han ch& xét trudng hgp hé chi chiu
lien ké&t hinh hoc)

fa(xk,yk,zk) =0 (a: 1,2,...,7’). (31)
e N&u ciu hinh cia hé dugc xac dinh bdi cac gia tri cia mot bo cac bién
doc lap q1, 99, - - -, qay thi {q1, 2, - - ., qa} duge goi la mot tap céc toa do

suy rong ciia hé. S8 toa do suy rong goi 1a bdc tu do ctia hé. Trudng hop
hé chiu r lién két hinh hoc thi s6 toa do suy tong d = 3N —r.

e Dao ham theo thdi gian cia céc toa d6 suy rong goi 1a van tdc suy rong
2 A
ctia hé

q17q27"'7qd'

e O mot c&u hinh cho trude ctia hé x4, v, 21 (k = 1,2, ..., N), gid si cac
chat di€m thuyc hién chuyén dich Az, Ay, Az, d€n cdu hinh z; +
Az, yp + Ay, 21 + Az, thda rang budc (3.1), thi

0 Ofap, o Ofan, 0oy \_
7 At+; ( akaﬁ aykAyk+ aZkAzk = 0. (3.2)

15
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Ta goi cac chuyén dich Az, Ay, Az, thda (3.2) 1a chuyén dich khd di
(chuyén dich x3y ra duéi tac dung ctia luc cho trude - chuyén dich thuc
- 1a mot trong s6 cac chuyén dich kha di).

e Hiéu cta hai chuyén dich kha di bat ky goi 1 chuyén dich do, ky hiéu
Sz, Oy, 0 25, ching thda diéu kién

> <%5xk + %5% + %m) = 0. (3.3)

2 Phuong trinh Lagrange

Cac phuong trinh Lagrange dugc rit ra ti nguyén Iy cong 4o, con goi la nguyén
Iy chuyén dich 2o.

2.1 Phuong trinh tong quat dong luc hoc
DPinh ly 7 (Nguyén 1y cong 40). Trong truong hop lién két dat len he la ly widng,

tong comg phan té cia cdc hic chii dong va luc qudn tinh tdc dung lén co hé trén
chuyén dich do bat ky bang khong tai moi thoi diém

D [(Fox — muin)dax + (Fye — muij)0ys + (For — maZi)oz] = 0. (34)
k

Phuong trinh (3.4) goi 14 phuong trinh tdng quat dong lic hoc.

2.2 Phuong trinh Lagrange loai hai

i@T B or
dtdqs 0Ogs

Qs (s=1,2,....d), (3.5)

trong d6 T 1a dong ning cia he, Q, (s =1,2,...,d) l1a luc suy rOng.
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Trong thuc hanh, luc suy rong duge rit ra ti hé thic

D Qubqe = (Furdy + Fyudys + Fordz) (3.6)
s k
(t6ng cong phan td cla lyc cht dong tac dung 1én he).

2.3 Truong hgp hé bao toan

TAt ca cac luc chtt dong déu c6 thé (hé dugc goi 1a hé bao toan hay hé dong
lyc), nghia 1a tdn tai ham U = U(xy, yx, 2x) sao cho

ou ou ou

Fo=2" F, = .= (=12 . N
ou
S = = 17 27 * )
=0.= 00 )
Khi d6 phuong trinh Lagrange c6 thé viét lai
d OL OL
— — = =1,2,... 3.
dt aq‘s aqs (s ) ) 7d)7 ( 7)

trong d6 L = T + U la ham Lagrange. Ky hieu V = —U la th€ ning ctia hée
thi L=T-V.

Trudng hop hé bio toan ddng thdi ham luc va dong ning khong phu
thudc hién vao thsi gian thi ning lugng toan phan cia hé duge bao toan

T+ V = const. (3.8)

Toa do cyclic [a toa d0 suy rong ¢. khong c6 mit trong ham Lagrange, nghia
la

OL
=0.
q.
Khi d6 ta c6 mot tich phan dau
OL
— = const
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2.4 Tha tuc thiét 1ap phuong trinh Lagrange loai hai
1. X4c dinh bac tu do va chon cic toa do suy rong.

2. Tinh dong niang cta hé T, bi€u dién dong ning theo cic toa dd va van
toc suy rong.

3. Tinh t8ng cong phan td& cda luc chid dong, bi€u din né theo cic toa
do suy rong, tit d6 suy ra cac luc suy rdng dya vao hé thic (d).

4. Tinh cac dao ham 0T/9q,, d(0T'/0qs)/dt, 0T /Dgs.

5. Thay vao phuong trinh Lagrange loai hai.
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bong hoc

Bai tap 6n vé vecto
1. Trong hé toa dd Descartes, cho ba vecto:

a=2—j—2k b=3i—4k, c =i— 5j + 3k.

a) Tim 3a + 2b — 4c va |a — b

b) Tim |al, |b| va a - b. Suy ra géc gitia a va b.

c) Tim thanh phan cla c theo huéng ctia a va theo huéng ctia b.

d) Tima x b, b x c va (ax b) x (b x c).

e) Tim a- (b x ¢) va (a x b) - ¢ va chi ra riing ching bing nhau. Tap
dugc sp {a, b, c} 1a h¢ vecto thuan hay nghich?

f) Kiém dong nhat thic (cong thic Gibss): ax (bxc) = (a-¢c)b—(a-b)c.

Hinh 1: Bai tap 2

19
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2. Tim géc gitia hai dudng chéo khdoi 1ap phuong trén hinh 1.

3. Cho ABCD la hinh bén canh t6ng quat (lech) va cho P,Q, R, S la cac
trung di€m cta cic canh AB, BC, CD, DA tuong tGng. Ching minh PQRS
13 hinh binh hanh.

4. Trong hinh ti dién, vé cac dudng n6i trung di€m cta mdi canh véi trung
diém ctia canh d06i dién. Chiing té ring ba dudng nay cit nhau tai mot diém
chia d6i ching.

5. Cho ti dién ABCD va cho P,Q, R, S la trong tAm clia cAc mit ddi dién
v6i cac dinh A, B, C, D tuong ting. Chting t3 ring cac dudong AP, BQ,CR, DS
ddng quy tai mot diém goi 1a trong tAm (centroid) cia ti dién, né chia mdi
dudng theo ti s6 3 : 1.

H.D. Piém M chia doan AB theo ti s6 k <MA: M B= k.

6. Chiing té ring ba dudng cao clia tam gidc ddng quy tai mot di€m.
H.D. Chon O la giao diém cta hai dudng cao.

7. Chiing minh cic ddng nhat thic:
a) (axb)-(cxd)=(a-c)(b-d)—(a-d)(b-c).
b) (a x b) x (¢ x d) = [a,b,d]c — [a, b, c]d.
c)ax (bxc)+cx(axb)+bx(cxa)=0(dong nhat thic Jacobi).

8. Cho vecto v 1a ham cta thoi gian ¢ va k [a vecto hing. Tim dao ham theo
thdi gian cda: a) [v|%; b) (v-k)v;c) [v, v, k]
DS a) 2v-v; b) (v-k)v+ (v-k)v; ¢) [v,V, k]

9. Tim vecto ti€p tuyén don vi, vecto phap tuyén don vi va d6 cong clia vong
tron: * = acosf, y = asiné, z = 0 tai di€m c6 tham sd 6.
DS. t = —sin#i + cosfj, n = —cosbi —sinbj, k = 1/a.

10. Tim vecto ti€p tuyén don vi, vecto phap tuyén don vi va do cong cia
dudng xodn 6c: v = acosf, y = asinb, z = bl tai diém c6 tham s6 6.

DS. t = (—asinfi + acosfj + bk)/(a®> + b*)'/?, n = —cosbi — sinfj, k =
a/(a*+b?).

11. Tim vecto ti€p tuyén don vi, vecto phap tuyén don vi va do cong cia
parabol z = ap?, y = 2ap, z = 0 tai diém c6 tham s6 p.
DS, t = (pi + 1)/ + 1V n= (i — pi)/ (5 + V2, k= 1/2a(g? + 1)

Bai tap vé vdn toc, gia toc va vdn toc goc
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12. Mot diém P di chuyén doc theo truc # chuyén dich ctia né tai thoi diém
t dugc cho bdi # = 6t2 — 3 + 1, trong d6 = do bing mét, ¢ do bing gidy. Tim
van tdc, gia t6c cia P tai thoi diém ¢. Tim nhiing thoi diém P ding va vi tri
clia P tai nhiing thoi diém do.

13. Mot diém P di chuyén doc theo truc = véi gia t6c tai thoi diém ¢ duge
cho bdi a = 6t —4 ms~2. Ban dau P & di€m z = 20 m va ¢6 van tdc 15 ms*
vé phia x Am. Tim van tSc va chuyén dich cta P tai thoi diém ¢t. Tim thai
diém P ding va chuyén dich clia P tai thoi diém d6.

14. * Mot hat P chuyén ddng sao cho vecto dinh vi ciia né, r thda phuong
trinh vi phan
r=cxr,

trong d6 c 1a vects hiing. Chiing minh P chuyén dong véi toc do khong ddi
trén mot dudng tron.

15. * Cho cd ciu thuéc vé elip gdm thanh OA quay quanh O véi géc ¢ = wt,
thanh BC ¢6 hai diu chuyén ddng trén hai truc z, y. Cho OA = AB =
AC = 2a. Vi€t phuong trinh chuyén dong, phuong trinh quj dao cta diém
M (AM = MB) (hinh 2). X4c dinh van tdc, gia tdc, gia toc ti€p, gia tdc phap
cia diém M tai thoi di€ém bat ky.

Hinh 2: Bai tap 15

16. * Mot banh xe ban kinh R chuyén dong lin khong trugt trén dudng
thing v6i van tdc & tAm bing vo. Vi€t phuong trinh chuyén ddng ctia diém
M nim trén vanh banh xe. Xac dinh van t6c, gia toc diém M, ban kinh
cong p ctiia quy dao. Kh3o sat sy nhanh cham ctia chuyén dong.

17. Diém M chuyén dong theo phuong trinh
v =at, y=>bt* (a,bla hing sd).

Xac dinh quy dao, luat chuyén dong cta diém trén quj dao. Tinh van tdc,
gia toc ctia di€m va ban kinh cong cta quy dao tai thoi diém ¢t = 0.
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Hinh 3: Bai tap 16

18. Mot banh da ban kinh R = 2 m quay nhanh dan déu ti trang thai ding
yén. Sau 10 s mot diém trén vanh banh xe c6 tri s6 van téc v = 100 m/s2
Xac dinh van tdc va gia toc ctia diém trén vanh banh da 3 thoi diém ¢t = 15 s.

19. Mot dau sgi day khong gian budc vao vatA, con dau kia quan vao rong
roc ban kinh R = 10 e¢m quay quanh truc O ¢6 dinh. Cho diém A chuyén
dong di xudng v6i phuong trinh = = 100t2, (z(cm),t(s)). Xac dinh van tdc
gbc va gia tdc géc cta rong roc, ddng thoi xac dinh gia t6c clia diém B trén
rong roc (OB =5 ¢m).

Hinh 4: Bai tap 19

20. * Cho c6 ciu chuyén dong nhu hinh 5. Biét vat (1) chuyén dong véi
phuong trinh z = 70t? + 2 (x(cm), t(s)), Rz = 50 cm, 72 = 30 cm, Rz = 60 cm,
rs = 40 em. Xac dinh van t6c, gia toc ti€p, gia toc phap va gia tdc toan phan
ctia diém M khi vat (1) di dugc mot doan s = 40 cm.

Chii thich. Bai toan chuyén dong gdm cac banh xe quay quanh céc truc va
c6 lien hé véi nhau (3n khép bing ring, ti€p xdc khong trugt, ndi v6i nhau
bing caic dai chuyén). Ti s6 chuyén dong gitia ching
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trong dé w;, R; va z; 1an lugt 13 van t6c goc, ban kinh va s6 ring clia banh
xe thi 1.

Hinh 5: Bai tap 20

Bai tap vé hgp chuyén dong

21. * Mot hinh nén quay déu quanh truc OA véi van t6c géc w. Diém M
chuyén dong déu theo dudng sinh ctia hinh nén tit dinh dén day véi van toc
vp; g6c ZMOA = a. Tai thoi diém dau t = 0, diém M & vi tri My (OM, = a).
Tinh gia goc clia M tai thdi diém ¢.

Hinh 6: Bai tap 21

22. Tam giac ABC vudng tai A quay quanh canh AB thing ding 6 dinh
v6i van toc géc w =const. Mot diém M chuyén dong trén canh BC theo
phuong trinh BM = s = 20t2. X4c dinh van tdc, gia t6c ctia diém M khi M
ndm & trung di€m BC. Biét BC =40 cm, a = 30°, w =2 s L.

23. * Co cau cam c6 dang hinh ném véi o = 30° chuyén dong tinh ti€n trong
mit phdng nim ngang, véi van tdc khong ddi v; = 30 em/s. Cam diy thanh
AB chuyén dong thing ding trong ranh ¢6 dinh K (hinh 7). Xac dinh van
toc tuyét doi clia thanh AB va van tdc tuong d6i clia nd so v6i cam.

24. * Mot co cAu bon khau gébm tay quay O1A = 10 em quay quanh O; véi
van toc géc wy = 10ms~ 1, tay quay O2 B = 30 em quay quanh O va thanh AB
chuyén dong song phing. Cho 0,0, = 50 e¢m. Xac dinh van téc géc thanh
AB, van toc diém B va van t6c géc tay quay O, B khi a = 3 = 60°.
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Hinh 7: Bai tap 23

Hinh 8: Bai tap 24
Dong luc hoc
Bai tdp vé bai todn thudn
25 (Bai tap 1.5, [1]). Mot cAu vom cé ban kinh cong tai dinh A bing R = 250 m.
a) Hay tim ap luc cia xe c¢6 khdi lugng m = 200 kg, dang chuyén dong
v6i van t6c v = 40 km/h, tac dung lén ciu tai A.

b) Tinh van toc t6i da cia xe d€ né vAn con bam vao mit cAu. LAy
9=9,81m/s%

26 (Bai tap 1.6, [1]). Hai vat khdi lugng m; = 2 kg, ms = 3 kg ndi v6i nhau
bing day khong gian, khong trong lugng. Kéo vat my bdi luc 10 N theo
phuong thing ding. Hay tinh gia tdc cac vat va luc cing day dat [én mq, mo.

27. Hai vat giong nhau khai lugng mdi khéi 1a M, duge ndi v6i nhau bing
day manh khong gidn va cé thé di chuyén trén mit phing nhim nim ngang
(hinh 9). Hai vat dugc kéo véi t6c do khong ddi theo dudng thing bing soi
day budc vao mot vat. Cho biét stc cing trong day kéo la Ty, tim stic cing
trong day ndi. Néu stc cing trong day ndi bat thinh linh ting t6i 47, thi gia
toc thc thoi cia hai khéi va stc cing tic thoi trong day néi bing bao nhiéu?

Bai tap vé phuong trinh vi phdn chuyén dong (bai todn nguic)
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M : —— M — T,

Hinh 9: Bai tap 27

28 (Muc 1.3.2 Chuyén dong théng, [1]). X4c dinh chuyén dong thing clia chat
diém dusi tac dung cia lyc:

a) Phu thuoc thoi gian F(t);

b) Phu thudc vi tri F(x);

c) Phu thuoc van toc F(&).

29 (Muc 1.4.2 Dao dong thing, [1]). Mot vat khai lugng m treo vao dadu mot
16 x0 ¢6 d0 clng k.

a) Xac dinh chuyén dong cia vat khi 16 xo duge kéo gian mot doan A
va buong ra khong van toc dau.

b) Véi diéu kién ddu nhu cau a), tim chuyén dong clia vat trong trudng
hgp vat chiu luc cdn clia moi trudng c6 do 16n ti 1é véi van toc pi. Chuyén
dong cia vat s& nhu thé nao n€u vat con chiu thém lyc kich ddong tudn hoan

Q(t) = Qosinpt.

30. M4y bay b8 nhao thing ding dat dugc van t6c 1000 km/h, sau d6 ngudi
l4i dua may bay ra khéi huéng b8 nhao va vach thanh mot cung tron ban
kinh R = 600 m trong mit phing thing ding. Trong luong ngudi lai [a 800 N.
Hoéi nguoi 14i da ép lén gh& ngdi mot luc cyc dai bing bao nhiéu.

31. * Mot qua ciu khdi lugng m roi thing ding trong moéi trudng chit 1dng
va chiu lyc cdn ti 1& v6i van toc, Fo = kv, k 1a hé s& cdn, gia tdc trong
trudng g. Xac dinh van tdc, phuong trinh chuyén dong cta qua cau. Gia thiét
v(0) =0,y(0) = 0.

32. * Mot vat ning P roi tu do khong van tdc dau. Stc cdn cia khong khi
lé v6i binh phuong van t6c, R = k?Pv? (k 1a hing s8). Xac dinh van tSc via
vat tai thoi di€m ¢t va van toc giéi han cda né.
33. * Mot vién dan chuyén dong trong mit phing Oxy ti gbc O véi van t6c
dau Vp léch so véi phuong ngang géc a. Gia st bd qua luc cadn khong khi.

a) Tim van toc, quy dao chuyén dong cta vién dan.

b) X4c dinh o d€ vién dan bin tring muc tieu M(v2/2g, Vi/4g).

Bai tap vé cdc dinh ly tong quadt
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34. Chiing té ring, n€u mot hé di chuyén ti trang thai nghi dén trang thai
khac trong khodng thdi gian nao dé, thi trung binh cia luc ngoai toan phan
trong khodng thdi gian nay phai bing khong. Ap dung:

Mot ddng hd cat khoi lugng m dit trén mit san ¢ dinh. Ap luc do
déng hd 1én mit san 13 s6 do trong ligng biéu ki€n clia dong hd. Cat & trang
thai nghi trong khoang trén, lic ¢ = 0, bit dau chdy xuéng khoang dusi. Cat
dén trang thai nghi 3 khoang du6i sau khodng thdi gian 7. Tim trung binh
theo thdi gian trong lugng bi€u ki€n ctia ddng hé trong khodng thai gian
0, 7].

Trong lugng biéu ki€n ctia dong hd khong phai [a hiing s6! Hay chiing
minh, khi cat dang chay, trong lugng bi€u ki€n ctia ddng hé 16n hon trong
lugng thuc (trong lugng tinh).

35. * Mot tia nudc chdy ti mot voi phun véi van tdc v = 10 m/s va truc
giao véi tudng ciing. Budng kinh voi d = 4 em. Bd qua su nén duge ctia nudc.
Hay xac dinh ap luc cta tia nuéc 1én tudng. Coi cdc phan ti nudc sau khi va
cham cé van tdc huéng doc theo tudng.

prhad
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Hinh 10: Bai tap 35

36. * Hai vat A va B c6 khéi lugng 1an lugt 1a my va mo duge néi véi nhau
bdi soi day khong gian khong trong lugng vong qua rong roc. Vat A trugt
trén mit KL va vat B trugt trén mit EK cta lang try DEK L ¢6 khoi lugng
ms va ndm trén mit nhin nim ngang. Xac dinh dich chuyén s cda ling try
khi vat A trugt xudng mot doan [. Bi€t ban diu hé ddng yén.

37. Mot chiéc thuyén khéi higng M ding yén trén mit nudc yén tinh va
mdt ngudi dan 6ng khéi lugng m & mii thuyén. Ngudi nay ding day di xudng
dudi thuyén rdi ngdi xuéng. N&u nude cdn chuyén dong véi luc ti [é véi van
téc ctia thuyén, ching td ring thuyén sé d&€n va diing & vi tri ban diu ctia né.
[K&t qua nay doc 1ap véi hing s6 can va chi thi€t chuyén dong cta ngudi.]
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Hinh 12: Bai tap 37

38. « Mot tAm tron dong chit ning @ ban kinh 7 ¢6 thé quay khong ma
sat quanh truc thing ding Oz tryc giao v6i mit phing dia. Mot ngudi trong
lugng P di theo mép tAm tron véi van tdc tuong ddi u khong ddi. Ban dau he
dtng yén, héi tAm tron quay quanh tryuc véi van tdc géc w biang bao nhiéw?

Hinh 13: Bai tap 38

39. * Truc hinh try trong lugng P ban kinh R quay dugc xung quanh truc
nim ngang nhd qua can A ¢6 trong luong @ treo vao sgi day quian quanh hinh
try (xem hinh 14). B qua kh&i lugng cta day va ma sat & & truc. Hay xac
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dinh gia t6c géc trong chuyén dong quay ctia hinh try khi vat A ¢ chuyén
dong thing ding.

Hinh 14: Bai tap 39

40. * Hai vat A va B ning P, va P, dugc ndi véi nhau bing soi ddy mém
khong gian khong trong lugng va vit qua rong roc O ban kinh r trong lugng
Q. Cho P, > P, khdi lugng rong roc phan bd déu trén vanh. Xac dinh gia
toc vat A.

Hinh 15: Bai tap 40

41. * Cho tay quay OA chiéu dai r trong co c&u thanh truyén quay véi van
t6c géc wo. Thanh truyén OB ciing c6 chiéu dai r. Tay quay va thanh truyén
13 dong chat va c6 khdi lugng riéng 14 p (trén don vi dai). Tinh dong ning
ctia co hé.

A

0% B x

 m—

Hinh 16: Bai tap 41
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42. * Mot day khong gian, khong trong lugng duge quin vao diu dia tron
ddng chat khoi lugng m ban kinh 7, con dau kia budc vao diém c6 dinh A.
Khi day loi ra, hinh try roi xu6ng khong van t6c dau. Xac dinh van toc v
ctia tAm dia tron khi né roi xudng modt doan h. Xac dinh gia tdc tam C va
stic cing day.

Hinh 17: Bai tap 42

43. Mot hinh tru trong lugng P, ¢6 cudn xung quanh bing mot sgi day. Day
vit qua rong roc cd dinh O rdi ndi véi vat A ning Ps. Vat A trugt trén mit
phing nim ngang c6 hé s6 ma sat f. B3 qua ma sat & & truc O, tim gia toc
ctia vat A va cia tam C hinh try.

Hinh 18: Bai tap 43

Co hoc giai tich

Bai tap vé phuong trinh Lagrange

44. * Mot hat khdi lugng m di chuyén duéi tac dung cta luc hap din do khéi
lugng M & dinh dit tai gdc. LAy toa do cuc 7,0 lam toa do suy rong, viét
phuong trinh Lagrange loai hai cho chuyén dong cta hat. Tim mot tich phan
dau va gidi thich § nghia co hoc cta né.
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Hinh 19: Bai tap 44

Hinh 20: Bai tap 45

45. * Mot hat P khai ligng m trugt trén mit trong tron clia hinh nén tron
xoay c6 gbc & dinh bing 2. Truc d6i xing cia hinh nén thing ding qua
dinh O huéng xudng. Chon céc toa do suy rong: r, khodng cach OP, va ¢,
géc phuong vi d6i v6i mit phidng ¢6 dinh di qua truc hinh nén. Vi€t hé
phuong trinh Lagrange. Chiing té ring ¢ 1a toa do cyclic va tim mot tich
phan diu. Gidi thich ¥ nghia co hoc ctia tich phan dau nay.

46. * Xét vat khoi lugng m trugt trén mdt mit bén tron nghiéng géc o cia
ném khoi ligng M, ném nay lai trugt trén mit phing tron nim ngang nhu
hinh 21. Toan bo chuyén dong l1a phing. Viét phuong trinh Lagrange loai

Hinh 21: Bai tap 46

hai cho hé nay va suy ra (i) gia tdc clia ném, va (ii) gia toc tuong ddi cia vat
(d6i v6i ném).
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47. * Hinh 22 vé mot hinh try tAm G ban kinh a lin khong trugt trén mit
trong ciia mdt mit try cd dinh tAm O ban kinh b > a. Vi€t phuong trinh
Lagrange loai hai, suy ra chu ky dao ddong bé ctia hinh try quanh vi tri can
bing.

18

0}
LS

| I o) |
i

Hinh 22: Bai tap 47

48. * Cho hé nhu hinh 23. DPudng ray tron va luc cho tru6ec F(t) tac dong

— L — f i

0 g i
'—I—
|
|

Hinh 23: Bai tap 48

len vat P,. B3 qua trong luc. Vi€t hé phuong trinh Lagrange loai hai cho heé.
Trudng hgp tinh dén trong luc thi sao?

49. Tim quy luat chuyén déng ctia vién bi B chuyén dong doc trong 6ng OA
dang quay déu trong mit phing nim ngang véi van toc géc w. Tai thoi diém
ban d4u vién bi cAch O mot doan bing A va c6 van téc doc theo dng bing
khong.

Hinh 24: Bai tap 49

50. Viét phuong trinh Lagrange loai hai cho chuyén ddng cta con lic kép
phing (xem hinh 25). Gia st kh6i lugng ctia A va B bing nhau va biang m.
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B

Hinh 25: Bai tap 50

51. Viét phuong trinh Lagrange loai hai cho chuyén dong cta con lic gdm
chat diém khai lugng m treo trén day quan vao hinh try ¢6 dinh ban kinh r
(xem hinh 26). Do dai clia phan day budng théng tai vi tri cAn bing 1a 1. B
qua khoi lugng cda day.

1
A

Hinh 26: Bai tap 51

52. Cac dau mut clia thanh dong chat AB, ¢6 khoi lugng m, dai 2a trugt
khong ma sat theo cac thanh nim ngang va thing ding ctia mot khung quay
quanh thanh thing ding (xem hinh 27). Viét phuong trinh Lagrange loai hai
cho chuyén dong cia thanh khi khung quay véi van tdc géc khong ddi w.

N

Hinh 27: Bai tap 52
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Trong Loi gidi mot s6 bai tap thinh thodng chiing téi c6 chua thém gidi thich, nhdn
xét, hodc binh luan. Cdc néi dung nay dugc dat trong ddu ngodc vuéng va dugc in
nghiéng dé phan biét.

Tu phuong trinh vi phan ta suy ra

2

1‘"J_r2>%:2r-i“:0:>r:R(const) (a)
1'“J_c:>d(1;l;c):i“-c:0:>r-c:c0nst (b)

T ding thic (b) ta thay hinh chi€u ctia P lén truc di qua O cé vecto
chi phuong c 1a diém c6 dinh, goi 1a Q; hay néi cach khac, P ludn luén nim
trén mit phing cd dinh di qua diém @ va nhan c lam phéap vecto. Cing véi
déng thic (a) ta rit ra quy dao cida P 1a dudng tron.

Ky hieu v = r 1a van t6c vda w = ¥ 1a gia tdc. Ta c6 [bdng cdch ldy dao
ham hai v€ phuiong trinh vi phdn]

r=rxc=v-w=0.
Vay P chuyén ddng véi téc do khong ddi.
[Chii ¥ dén cdc mdi lien hé gitta diém M (can khdo sdt) véi cdc diém ma gid
thiét ciia bai todn cho biét chuyén dong. Ding toa do descartes.]

Ta co:

OA = (2acoswt,2asinwt),

OB = (2x4,0) = (4acoswt, 0).

33
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Suy ra

1
OM= §(OA + OB) = (3acoswt, asinwt).

Phuong trinh chuyén dong cta M:

r = J3dacoswt
Yy = asinwt

Qu§ dao (khit ¢ ti phuong trinh chuyén dong):

2 2

z Y

— + — = 1

9a a
Van tdc:

T = —3dawsinwt, Y = aw coswt.
Gia toc:
&= —3aw’coswt, i = —aw’sinwt.

D€ tinh gia t6c ti€p ta cAn tinh t6c d0 (modun vects van tdc)

v = alw|V1+ 8sin® wt.

Gia toc ti€p:

4a|w|w sin 2wt

Vv1+ 8sin®wt

Wy = UV =

D€ tinh gia t6c phap ta cAn dé€n modun vecto gia toc:
w = aw’V'1 + 8cos? wt.

Gia toc phap:

w, = m _ aw2 \/9 —12 sin2 th‘
V1 + 8sin®wt
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Chii v, gia téc phdp luon luon la s6” duong!
Chuyén dong ctia tAm C 1a chuyén dong thing déu van tdc vy. Do banh
xe lin khong trugt nén Ry = vyt (gid thi€t lic ¢t = 0 diém M nim & gbc toa
do 0).

Heé thic lien he OM véi OC'

OM=0C + CM .

Chi&u hé thic vecto xudng cac truc toa do

v = zc+ Reos (3 — ) U vot — Rsin %2
y = yc+ Rcos(m — ) Yy = R—RcosﬂRﬁ

Van tdc:

. ’Uot . . 'U(]t 'U(]t
=v|1—cos— =ygsin— = v=10vp4/2(1—cos—].
x 0( R)’ Yy 0 R 0\/( R)

Gia toc:

2 2 2
vy . vt .. Vot U4

Izﬁsmﬁ, yZECOS§:>'UJ:E.

D€ tinh ban kinh cong ta cAn biét gia tdc ti&p,

v3 sin%5
w=t=% ’
_ Vot
2(1 cosR)

gia tdc phap
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Suy ra

Van toc cla (1): & = 140t (cm/s).

Do dai chuyén, banh xe (2) chuyén dong quay véi van téc géc w, thda
wory = 140t suy ra we = 14t/3 (s7') [vdn téc ciia diém trén vanh bdnh xe (2)
bdang van toc ciia vat (1)].

Banh xe (3) chuyén dong quay véi van tdc géc ws thda waRy = wyRs
suy ra w3 = Rowo/R3 = 35t/9 (s71) [bdnh xe (3) va bdnh xe (2) ndi vdi nhau bang
dai chuyén. Ding cong thiic chuyén dong).

Diém M gin véi banh xe (3) chuyén dong quay quanh truc. Van téc
cia M la v = wzrs = 1400t/9 (cm/s). Gia toc gbc cia banh xe (3) 1a e3 =
35/9 (1/s?) nén gia toc ti€p clia M la wy = e3rs = 1400/9 (cm/s?) va gia toc
phéap ctia M 1a w, = wirs = 19000t?/81 (cm/s?) [xem lai cdc cong thic lien
quan dén chuyén dong ciia c6 thé quanh mot tryc).

Thoi diém (1) di duge s = 40 (em) 1a t = 2/4/7, thay vao cac biéu thic
trén ta duge k&t qua cAn tim.

[Chui 5, két qud tinh van toc, gia toc tiép, gia toc phdp cia diém M chila do
lén. D€ xdc dinh hudng ciia cdc vecto nay ta can xét thém chiéu quay ciia cdc bdnh
xe lien két véi nhau!]

Chuyén dong tuong d6i ctia M d6i v6i hinh nén (hé toa do dong) 1a
chuyén dong thdng déu nén gia téc tuong ddi w, bing khong.

Chuyén dong theo 1a chuyén dong tron véi van téc géc w khong ddi
nén van tdc theo cia M la v, = & x r, trong d6 & = wk, r —OM. Gia toc
theo (dung cong thiic Gibbs):

_dVe_ = . 2
W, = =(J-1)d—wr
dt
g Y — A
Peé § ring J - r = —wrcosa nén
_ 2 2
W, = —w T cosak — wrry,

trong d6 ry 1a vectd don vi ctia r. Néu phan tich vecto rg thanh

rg = — cosak + sin au
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v6i u la vecto don vi truc giao véi k (truc 2) va niim trong mit phing (AOM),
thi
w, = —w’rsinau.
Gia toc Coriolis ctia M:
W, = 20 X Vv, = 2wuv, sin av,

trong d6 v 1a vecto don vi clia vecto k X v,, vectd nay vudng géc véi mit
phing (AOM).

Ap dung cong thiic cong gia tdc,

w, = —w?rsin au 4 2wv, sin av,

gia t6c nay nim trong mit phing vudng géc véi OA. Tai thoi diém ¢, r =
vt + a,

w, = —w?(v,t 4 a) sin au + 2w, sin av.
Hé toa do c¢6 dinh Ozy gin v6i nén. He toa do dong C's gdn véi mit
nghiéng cia ném. Hinh 28 vé hai vi trf cda ném, trong d6 hinh vé khong

IR

Ax

Hinh 28: Hai vi tri trudc va sau ctia ném (bai tap 23).

lién nét tGng véi vi tri ban dau ctia ném.

Thanh AB chuyén dong tinh ti€n, van t6c cta thanh dugc cho bai
van toc cia A. Diém A’ la vi trf ban diu cla A (trong hé ¢6 dinh). Ta cé:
HA = Az, Ayy = HAtana = Axtana, suy ra van tdc tuyét doi cia thanh
AB: v,(A) = vtan o, huéng thing ding lén trén. Két qud nhdn dugc bang cdch
chia hai v& cho At, r6i qua gidi han, At — 0.

Diém A” 1a vi trf ban diu ctia A trén ném. Ta c6: A’A” = Ascosa,
A'A" = HA = Az, suy ra van tdc tuong d6i ctia A: v,(A) = v/cosa, huéng
ngugc chiéu véi s. Dung di ligu s6:

va(A) = 30tan 30° = 10v3 (em/s), wv.(A) = 30/ cos 30°20V/3 (cm/s).
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Ta c6 thé gidi bang cong thiic hgp van toc. Trudc hét, dé y rang van téc ciia ném v
la vdn toc theo cia A, v.(A) = v. Tinh vdn toc tiong doi ciia A, v,.(A) (nhu trén)
16i dung cong thitc hop van toc tinh van toc tuyet doi cia A, v,(A).

Goi I, wap 1an lugt 13 tAm quay téc thdi, van tdc gbc tic thoi ctia thanh
AB. Diém I chinh la giao diém cia O, A va O,B. O vitri o = 3 = 60°
tam gidc 0110, 1a tam giac déu, suy ra: 1A = O] — O1A = 40 (em), IB =

Oy1 — 09 B = 20 (cm). Tl cong thiic van tdc ctia chuyén dong quay ctia thanh
0O, A va thanh AB ta c6

10 x 10m = 40wap = wap = 2,57 (1/s).

Diém B chuyén dong vé6i van t6c Vg = 20 x 2,57 = 507 (cm/s).

Van t6c géc clia thanh O, B sinh vién tu [am.

Qua ciu chiu tac dung clia: trong luc P = mg, luc cadn cta moi trudng
Fo = —kv (b qua luc ddy Archimede). Dinh luat thd hai cho

Chon hé truc 36 Oy thidng ding huéng lén. Chi€u hé thic vecto lén truc Oy,
ta dugc:

my:—mg—k‘y;‘way:—g- (a)

Giai phuong trinh vi phan (a) - cach 1. Tach bi€n (xem 7 13 &4n ham),

0
mY Ty
tich phan hai vé&
m k
P49l = —ttcC
knmy+g‘ t+C (b)

Ding diéu kien dau y(0) = 0, ta dugc C' = L Ing; thay vao (b), sau mot s&
bi€n d6i, ta thu dugc van t6c clia qua cAu:

j = % [exp (—%) - 1] . (c)
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Dé y ring khi t — +o0, § — —"2 (vAn toc gidi han). Van tSc gidi han nay

cing c¢6 thé tim ti phuong trinh P + F¢ = 0.
Tich phan (c) va dung diéu kién dau y(0) = 0 ta dugc phuong trinh
chuyén dong (luat chuyén dong):

) (FEY] - et
Y= "2 R ko

Cach 2. Phuong trinh (a) I3 phuong trinh vi phan tuyén tinh cip hai khong
thudn nhat. Nghiém tdng quét ctia phuong trinh thuin nhat

kt
y=C1+ Cyexp (——) )
m

Tim nghiém phuong trinh khong thudn nhat duéi dang

kt
y = C1(t) + Co(t) exp (_E) )
C1(t), C4(t) thda he

Cl(t) + exp (1) Ca(t) =
—mexp (=) C3(t) = —g

m

Gidi ra C}(t), C)(t), rdi tich phan theo ¢, cudi cuing ta dugc

trong d6 C1, Cy 1a cac hiing s6 tich phan phu thuoc diéu kién ddu. Phan con
lai sinh vién ty lam.

a) Luc tdc dung lén vién dan 1a trong luc P. Phuong trinh vi phan chuyén
dong (dinh luat thi hai ctia Newton)

mw = P.
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g

Chi&u xudng cac truc toa do:

Tich phan hé phuong trinh trén, ta dugc van t6c clia vién dan (dung diéu
kién dau, van toc):

T = Vycosa
y = —gt+ Vysina

Tich phan IAn nita (dung diéu kién dau, vi tri) ta duge phuong trinh chuyén
dong cia vién dan:

r = Wtcosa
y = —%gtz—l—%tsina

Khi t trong hai phuong trinh trén ta dugc phuong trinh quy dao cda vién
dan:

9

2
7+ xrtana.
2V cos? «v

Yy=—-
b) D€ vién dan bin tring di€m M ta phai cé

Vi 1 %5 2 1 3
ﬁ = _5(1+tan2a)ﬁ + itana(:) itanza—Qtana%— 3= 0.

Nghié¢m: tana = 1, tana = 3.

Co hé: khai nude, ban dau duge giéi han bdi a — b, sau khodng thoi gian
At gi6i han béi @’ — b (hinh 10).
Luc ngoai tic dung: trong luc P, phidn luc R cla tudng tic dung lén
khdoi nude.
Chon truc  nim ngang va ap dung dinh 1y bién thién dong luong theo
phuong x.
Pgm — le = —RAt. (a)
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Khéi nuée ban dau va khoi nude ldc sau ¢6 phan chung (2). N&u gia thiét
chuyén dong ctia khoi nuée 1a diing thi

Py, — Py = —PY = —mu, (b)

trong d6 Pl(i) 13 dong lugng ldc dau cta phan (1) con m 1a khai lugng cta né.
K&t qua nay nhan dugc 13 do cac phan (3) ¢6 van t6c vudng goéc véi truc .

Thay (b) vao (a) ta suy ra

muv

R = At (c)

Né&u nuée c6 mat do khai 1a p thi khéi lugng cia phan (1) 1a

d2
m = p%vAt

va nhu vay (p = 1),

rd*v?

R=p

= 125,6 N.

Hé quy chi€u: truc Oz nim ngang cé chiéu tii trai qua phai.

Co hé: gdm A, B, s¢i day va lang try. Chd ¥, & day ta khong k& day va
rong roc vi ching khong ¢6 khoi lugng nén chi ¢6 tidc dung rang budc (lién
ké&t) cac vat trong hé (xem hinh 11).

Luc ngoai tac dung: cic trong lic P, P4, Pp, va phan luc N cia mit
san tac dung lén ling tru.

D& ap dung dinh Iy bi€n thién dong lugng trén phuong Oz, trudc hét,
ta tim lién hé gitia cac thanh phin van téc theo phuong x cia A, B va ling
tru. Né&u goi v 13 van t6c cda lang try d6i véi O, v’ 1a thanh phin van toc
theo phuong z ctia B d6i véi lang tru. Thi thanh phin van tdc theo phuong
x ctia A d6i véi lang tru (van tdc tuong doi) sé [a v’ cos o (do day khong gian).
T cong thic cdng van toc, ta c6 thanh phin van téc theo phuong z cia A,
B d6i v6i O (van tdc tuyet doi) 1an lugt [a v’ cosa + v, v’ + v.

Do ban d4u hé ding yén nén dong lugng bing khong, P, = 0. Dong
lugng lic sau (khi A da trugt xudng modt khodng [ doc theo canh KL ctia ling
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tru):

Py, = my(v' cos a+v)+ma(v' +v)+muv = (my cos a+mo)v + (my +ma+m)v.
Vi day khong trong lugng nén moémen ddng lugng ctia né biang khong.

Nhu vay, theo dinh 1y bién thién dong ligng trén phuong Ouz,

(mq cosa + ma)v’

! =0=v=—
(mq cos o + mg)v' + (mq + mae + m)v v mi+my +m

V& phéi cta phuong trinh trén bing khong do tit ca cac luc ngoai déu truc
giao v6i Oz. Lay tich phan hai v& tit 0 dén thoi diém dang xét, ta dugc:

(mq cosa + mg)l

s§=—
mi;+me+m

Dau trii trong phuong trinh chi thi ling tru di chuyén ngugc huéng di chuyén
cua B.

Co hé: tAm tron va ngudi.
Luc ngoai tic dung: P, Q 1 trong lyc clda ngudi va tAm tron, R4, Rp
phan luyc lién két tai cac & truc (xem hinh 13).

Ta cé ZmZ(F,(f)) = 0 nén moémen dong luong ctia hé duge bao toan
theo phuong z. Vi ban diu hé dténg yén nén L. = 0 tai moi thoi diém.

Tai thoi diém bat ky, gid dinh van t6c ctia ngudi va vectd van toc goc
ctia tAm tron nhu hinh vé. Lidc d6 van toc tuyét doi clia ngudi v = rw + u.
Momen dong lugng ctia hé doi véi truc z:

P r? P

L,= Jw +—1r(rw+u)=—(Q+2P)w + —ru,

Jig + Tl b ) = (@ 2Pt
tAm tron H_/

nguoi

trong d6 ta da diung cong thic tinh mdmen quan tinh cda tAm tron d6i véi
truc 2, J, = Qr?/2g.
Tu L, =0 ta suy ra

2Pu
r(Q +2P)
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Cht ¥, dau tri trong bi€u thiic w ching td van t6c géc ¢6 chiéu nguge véi
chiéu gid thiét.

Xem hinh 14. O day, vi lj do tiét kiém, chiing t6i khong vé hinh lgi ciing nhu
khong them nhitng chi tiét bo sung trong qud trinh gidi, chdng han nhu so dé cdc luc
ngoai tdc dung lén heé, hé toa do dugc dung. Nhung trong khi trinh bay loi gidi cdc
ban nén vé ra dé loi gidi duoc r6 rang hon.

Co hé: hinh try, sgi day va qua can A.

Luc ngoai: trong luc P va phan luc N tic dung lén hinh try, trong luc
Q tic dung 1én qua can A.

Hé toa do: Goc O ”tam” cia hinh tru, truc Oz huéng xudng dudi, truc
Oy ndm ngang huéng tii phai qua trai, va nhu vay truc Oz vudng goc va
huéng vao trong mit phing hinh vé. Chon hé toa d6 nhu the nay thi hinh tru sé
quay theo chiéu thudn (ngugc chiéu kim dong ho).

Moémen dong lugng clia hé d6i véi truc z:

2
P

L.= Jw + Q’UAR :M.

~—~

g g
hinh try N——

qua can A

(J day ta da ding cong thic tinh mémen quén tinh cda hinh tru J, = PR?/qg,
va lién heé gifia van tdc qua can A v4i van tdc géc cia hinh try, v4 = wR (do
day khong gian). Vi day khong trong lugng nén mémen dong lugng ctia nd
bing khong.

Momen cia luic ngoai d6i véi truc 2 (hai luc P, N cé dudng tac dung cit
truc z nén mdmen ctia ching bang khong):

M.(Q) = RQ.
Ap dung dinh 1y bién thien moémen dong ligng (dang vi phan) ta dugc:

R*¢(P + Q)
g

= RQ.

Suy ra gia tdc goc cia hinh try:

o 99
R(P+ Q)
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Co hé: rong roc, s¢i day va hai vat A, B.

Luc ngoai tac dung: Py, Py, Q va phan luc R (hinh 15).

He toa do: Oxyz v6i Oxr nim ngang hudng tii trai qua phai, Oy thing
ding huéng lén va Oz vudng géc vSi miat phing hinh vé huéng ra ngoai
(trang gidy).

DPé y ring, n€u vat A (B) c¢6 van toc v thi rong roc ¢6 w = v/r.

Momen dong lugng clia he ddi véi truc z vuodng géc véi mit phdng hinh

h o P P+ P
L,= Jw —I——l'Ur_|__2,UT:T'U(Q+ 1+ 2)‘
~

R g g g
ong e S~~~ ~~~

vat A vat B

J day ta da dung cong thic J, = Qr?/2 tinh mémen quan tinh clia rong roc.
Vi day khong trong lugng nén moémen ddng lugng ctia né biang khong.

Ap dung dinh Iy bi€n thién mémen dong lugng d6i véi truc z, ta 6

. P+ P
LZ:(Pl—Pg)T@T(Q_I_ 1t 2)
g

w= (P —P)r (w=7),

suy ra

w— (P — P)g
Q+P+ P

Thanh OA thuc hién chuyén dong quay quanh O véi van téc gbc wy
nén dong ning bing

J day, ta da dung cong thic J, = sMr? v6i M = pr.

Thanh AB chuyén dong song phidng. Chuyén dong tic thoi cia né 1a
chuyén dong quay quanh tAm quay téc thdi I (hinh v&) véi van tdc géc w.
Ta thay A 1a trung diém canh huyén ciia tam gidc vudng AOBI vudng tai
B,nén IA=0OA =r. Viv(A) = OAwy = rwy (trong chuyén dong ctia thanh
OA), v(A) = [Aw;, = rw; (trong chuyén dong cda thanh AB) nén w; = wo.
D€ tinh dong ning cta thanh AB ta cAn tinh m6émen quan tinh J, cta né
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g

dai véi truc di qua 1. Trude hét, xac dinh IJ véi J 1a khai tam (trung diém)
cia AB. Ap dung cOng thiic cdsin cho tam gidc ATAJ, ta co:

5
IJ?> = TA* 4 AJ* —2AI - AJcos LIAJ = r? (Z — cos 2¢) .

Do d6 theo cong thic Huygens

1 ) 4
Jo = Eprs + pr® (Z — Cos 2g0) = pr® (§ — Cos 2gp) .
Dong ning cta thanh AB bing

1 4/4 5 9
5P | 3~ cos2¢ | wp.

Toém lai, dong ning cia hé bing

1 1 4 5 1
gpr?’wg + 5,07’3 (§ — Cos 2g0) wy = pr’ (6 3 coS 2g0) wi.

Co hé: dia va day.

Luc ngoai tac dung: P trong luc dit lén dia.

Heé toa do dugc chon c6 gdc diat tai A, Az thing ding huéng xudng dusi,
Ay nim ngang huéng tii trai qua phai, Az vudng géc v4i mit phing hinh vé
(dAu bai) huéng tii ngoai vao trong (trang gidp). VGi cach chon hé toa do nay
thi dia quay theo chiéu thuan.

D€ tinh momen dong lugng cia hé ta dung hé toa d6 Konig Ca'y'2’
(hinh tinh ti€n clia Azyz theo vects AC). D€ ¥ ring, dia thuc hién chuyén
dong song phing, do day khong gian, c6 chuyén dong tic thoi [a chuyén dong
quay quanh truc di qua ”di€m ti€p xic” cta dia véi truc Az véi van tSc gbe
w, vo = rw. N&u xét chuyén dong cia diém nay d6i v6i hé Konig (xem nhu
ding yén), thi n6 chuyén dong quay quanh C véi cling van t6c géc. Nhu vay,

3
L, =mruc+ Jow = §m7’2w,
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trong d6 Jo 1a mdmen quén tinh cia dia d6i véi truc di qua C' va ciing huéng

véi Az. O day ta da diing cong thic Jo = mr? /2. Vi day khong trong lugng
nén momen dong lugng clia né bing khong.

Momen ctia lyc ngoai (dit tai C): mgr.

Ap dung dinh Iy bi€¢n thien mémen dong lugng:

3 5. N . 29
—mriw =mgr = € =w = —.
2 g 3r

Vi C chuyén dong thing ding nén gia t6c cta C: we = ¢ = 29/3.
D€ tim lyc cing ta xét h¢ chi gom dia. Khi d6, luc ngoai téc dung len
hé gdbm P va lyc cing day T. Ap dung dinh Iy chuyén dong khéi tam, ta cé:

2
mwc:mg—TﬁT:mg—%:%.

Cdch gidi khdc
Phan d4u cta bai tap nay cé thé giai bing cach dung dinh 1y bién thién

dong ning. O day ta cing dung hé toa d6 Kénig khi tinh dong ning. Pong
ning cda hé:

1 1 3
T = imvé + §ch2 = Zmrzwz.

Cong suat clia luc ngoai:
W = mgve = mgrw.

Ap dung dinh 1y bi€n thién dong ning:

3

2 . . 2g
§mrww:mgrw:>e:w:—

3r

Heé 1a hat chi chuyén dong trong mit phing qua g6c nén cé 2 bac tu do
[Chuyén dong ciia hat dudc tdc dung ciia lic xuyén tam la chuyén dong phdng. Pady
la rang budc ciia hat]. Toa do suy rong (ding toa dd cuc c6 goc dit tai gbe).
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Dong niang cda hat 1a (xem hinh 19)
Lo o, a4
T = §m(r +7°67).

Thé& ning clia hat (d6i v6i vo cuing) la

v _GMm.

r

Ham Lagrange L =T —V:

1 : M
L= §m(7”2 +1%0%) + G o
r

Tinh cac dao ham rdi thay vao hé phuong trinh Lagrange, ta dugc:

mf—m(réz—M—G) = 0,

r2

m2rid +1%0) = 0= %(7’29) =

Tich phan dau: 720 =const.
Cht ¥, ta ¢6 thé nhan ra chuyén dong c6 mot tich phan diu ti nhan xét
OL/06 (ham Lagrange khong phu thudc 6, nghia [a 0 1a toa d6 cyclic). Tich

phan diu nay chinh 12 mémen dong lugng cda hat mr26 duge bao toan.

Heé 1a hat. Vi vecto ban kinh cida hat:

r =re,,

47

trong d6 e, = (sinacos g, sinasin p, cosa), nén hé c6 2 bac ty do. Toa do
suy rong: 7, 6. Van toc cia hat:

)
1S

r =re, +re,.

€, = psina(—sinp, cosp, 0) = Ysin ae,.
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Nhu vay, ddng ning cta hat:
Lo 2.9 9
T = im(r + r79* sin” ).

Thé& ning clia hat (d6i véi O):
V' = mgr cos a.

Ham Lagrange:
L2 2.2 2
L=T-V = im(r + 7" sin” o) — mgr cos a.

Hé phuong trinh Lagrange (sv nén tinh toidn tudng minh)

i —r¢?sinfa+ gecosa = 0,

2rrp+12p = 0 (sina > 0).

Do ham Lagrange khong phu thudc ¢ nén ¢ Ia toa do cyclic. Tich phan dau:
r?varphi = const. Sv tuy giai thich ¥ nghia vat Iy.
Hé hai bac tu do. Chon toa do suy rong: z, chuyén dich ctia ném dai
v6i diém c6 dinh trén san; y, chuyén dich cda vat d6i véi diém c6 dinh trén
ném.

Dong ning va thé ning cia hé:

1 1

T = §M:ic2 + 5m(:p2 + 9% + 209 cos @),

V. = —mgysina.
Ham Lagrange:

1 .92 1 .9 .9 .. .
L:T—V=§MZE +§m(a: + y° + 24y cos a) + mgy sin a.

Tinh cic dao ham
OL OL d OL
%:0, %:(M%—m)i%—(mcosa)g), Eaz(]\/[%—m)iﬁ%—(mcosa)j};
OL , OL i ( )i d OL i+ ( i
— =mgsina, —=m mcos Q)i ———=m mCcos Q).
oy TR gy T Coaoy Y
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Hé phuong trinh Lagrange loai hai:
(M +m)i+ (mcosa)ij = 0,
my + (mcos )i —mgsina =
Giai ra ta dugc
_mgsinacosa . (M +m)gsina

=" = — )
M + msin® « 4 M + msin? o

Né&u khong c6 diéu kién "1an khong trugt” thi hé hai bac ty do véi cac
toa do suy rong: 6, géc gitta OG va truc thing ding huéng xudng; ¢, gbc quay
ctia hinh try (d6i v6i vi trf tham chi€u nao d6). Diéu kién lin khong trugt
cho

(b—a)d = ap = (b—a)f = ap. (a)

(J day ta da chon vi tri tham chi€u thich hgp d€ cho ¢ =0 khi # =0. Vay
hé mot bac ty do. Chon toa dd suy rong 1a 6.

Pong ning cda heé:
T = 1m((b —a)h)? + 1J p?
-2 2%
3 .
= Zm(b —a)*0?

trong d6 ta da dung phuong trinh lién két (a) va cong thic tinh mémen quan
tinh ctia hinh tru J = ma?/2.
Thé ning:
V = —mg(b— a)cosb.

Ham Lagrange
3 202
L=T-V= Zm(b—a) 6 +mg(b — a) cosb.

Tinh cic dao ham:

oL , oL 3 oy dOL 3 o
50 = mg(b — a)sind, 5 m(b— a)°0, i 2m(b a)°f.
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Phuong trinh Lagrange loai hai:

gm(b—a)zé—l—mg(b—a) sinf = 0= 0+

(chi ¥, phuong trinh nay trang v6i phuong trinh chinh xac cho dao dong con
lic don c6 chiéu dai I = 3(b — a)/2).

Véi gid thi€t dao dong bé ta xap xi sin § ~ 6 trong phuong trinh Lagrange,
ta dugc

Chu ky ctia dao dong theo cong thiic cta con lic don

27‘(‘\/2:277‘ 3(b—a).
g \/ 2g

Heé hai bac ty do. Chon céc toa do suy rong: z, # nhu trén hinh 23. Di€ém
dac biét & thi du nay 13 lyc F tac dung lén P, duge cho phu thudc thoi gian
(khong bao toan) nén ta can tinh céc lyc suy rong! Chuyén dich 4o cta P,
theo phuong ngang:

0x + acos 846.

nén cong phan t& cta luc chi dong (chi ¢6 luc F) Ia
F(t)(6x 4+ acos060) = Qox + Qud0,

suy ra

Q.= F(t), Qp= (acosh)F(t).

Pong ning cda heé:

1 1 . .
T = im:bz + Em[(zc + acos 06)® + (asin 66)]

.1 .
= mi® + (macosf)if + §ma292.
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Hé phuong trinh Lagrange loai hai:

d .
L 9ma
dt[ mi + (ma cos 0)0]

p [(ma cos 0)& + ma*f] — [—(masin )20

51
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pé thi mau

Cau 1 (2d) Mot con ong bay trén mdt quy dao theo luat chuyén dong cho
trong toa do cuc [a

bt t
r=2@r-t), p=- (0<t<2),

trong d6 b va 7 1a nhiing hing s6 duong. Chiing t4 ring t6c do nhd nhat cia
con ong 13 b/7. Tim gia t6c cta con ong tai thdi diém nay.
Cau 2 (2d) Mot chat diém P khdi lugng m chuyén dong dusi luc hap dan

X

0
Hinh 1: Cau 2
ctia vat c6 khai lugng M dit tai O. Ban dau P & cach O khoang cach a, dugc

bdn ra xa O v6i t6c do (2M G /a)'/?. Tim khodng cach tit P dén O tai thoi

diém t. Chiing t3 P chuyén dong ra vo ciing. G day G la hiing s6 hap dan.

Cau 3 (1d) Cho dia tron ddng chat ban kinh a, khoi lugng M. DE€ thay ddi
momen quan tinh ctia dia ngudi ta gin thém vao dia khéi lugng m cach tam
khodng cach a/2. Tinh mdmen quén tinh cda hé d6i v6i truc di qua tam va

52
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()
N

Hinh 2: Cau 3

vudng goc v6i dia. Neu khong them va khdi lugng m thi truc phii doi song
song d&€n diém nao trén dia d€ moémen quan tinh vin bing nhu trudng hgp
truéc!

Cau 4 (2.5d) Mot dia tron khai ligng M ban kinh a c6 thé quay khong ma

w—at!

Hinh 3: Cau 4

sat quanh truc nim ngang di qua tAm cia n6é. Mot con bo khdi lugng m chay
v6i van t6c khong ddi v quanh mép dia. Ban dau dia dugc giti § trang thai
nghi va dugc tha ra khi con bo & vi tri thap nhat. Tinh mdémen dong lugng
ctia hé (gébm dia va con bo) d6i véi truc quay. Viét phuong trinh bién thién
dong ligng cta hé. Chiing té ring

2

u
(cosp — 1) + ot

sz _ dmg
a(M +2m)

trong d6 ¢ 1a géc xac dinh vi tri con bo so véi phuong thing ding huéng
xudng.

Cau 5 (25d) Mot ong tru ban kinh a, trong ligng P, ¢6 cuén xung quanh
bing mot soi day. Day vit qua rong roc ¢ dinh O 16i ndi véi vat ning A
trong lugng P,. Vat A trugt trén mit phing ngang c¢é hé s6 ma sat f. Bé qua
ma sat 3 § truc O. Viét phuong trinh Lagrange loai hai cho hé. Tim gia toc
ctia A va tAm C cda dng tru.

Cha thich

Dé thi gébm 5 cau dugc cau tric nhu sau:

Cau 1 - Dong hoc diém; ki€ém tra ki€n thic va ki ning tinh todn cac
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Hinh 4: Cau 5

khai niém dong hoc co ban: phuong trinh (luat) chuyén ddng, quy dao, van
tdc, gia tdc, gia toc ti€p, gia tdc phap, ban kinh cong.

Cau 2 - Dong luc hoc diém; ki€m tra kha niang thiét lap phuong trinh
vi phan chuyén dong va ki niang gidi phuong trinh vi phan.

Cau 3 - Kiém tra ki€n thic vé kh6i tAm, mdmen quén tinh.

Cau 4 - Kiém tra k§ ning van dung mot trong ba dinh luat t6ng quat
(dong lugng, mdmen ddng lugng va dong ning).

Cau 5 - Co hoc gidi tich; kiém tra k§ nang phan tich lién ké&t, thi€t lap
phuong trinh Lagrange loai hai.

Pap an

Cau 1

Van t6c clia con ong tai thoi diém t:

b

V=5 4(7‘—t)2—|—§(27't—t2)2,
b2

2

vi= 3 (t)

O day ta da dat f(t) =4(r — )%+ (27t — t%)2. D€ tim t6c do nhd nhit cla
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ong ta khdo sat ham f(t).
/ 2 2
f'fit)y = =8(r—1t)+ ﬁ(%t —t7) (21 — 2t)

4
= ——(r— t)(t? — 21t + 272)
-

Xét dau f'(t) trong khodng [0, 27] c6 thé thay f(¢) nhd nhat (va nhu vay van
toc nhd nhat) khi ¢ = 7. Van t6¢c nhd nhat bing b/7.

Gia téc ctia con ong tai thoi diém ¢:

2b bt 4b

wr:—ﬁ—ﬁ(%‘—t), ng:g(T—t)
Lac t =T,
3b 3b
wrz—ﬁ, w¢:0:>w:§.
Cau 2

Chon hé toa do nhu hinh vé. Luc tic dung: luc hap din c6 do6 lén
F = GMm/z?* va huéng vé O.
Phuong trinh vi phan chuyén dong

GMm . GM
— =

x? x2

mi =

Ky hiéu v = £ = & = v. Nhan vao hai v& phuong trinh véi vdt = dx, ta dugc

M
L) = G dl’.

T2

Tich phan hai v& tit thoi diém diu dén thoi diém ¢

(#)? — v(0)2 = 2GM Lit) - ﬁ} .
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Dung diéu kién dau, v(0)? = 2M G /a, 2(0) = a, ta suy ra

2GM
v(t) =4/ DR

Nhan vao hai v& véi dt, ta dugc

dr = \/m?Mdt = 2'2dx = V2G M dt.

Tich phan hai v&, ta dugc
3 3 2/3
z(t)*? — x(0)*? = 5v2GMt = z(t) = (a3/2 +3V QGMt) .

Pay chinh 1a khodng cach tit O d&én P tai thoi diém t. Cho t — oo, 2(t) — oo,
nghia 14 P chuyén dong ra vo cling.
Cau 3

Momen quéan tinh clia hé cé tinh chat cong tinh. Goi A 1a truc di qua
tam (khoi tAm cta dia), ta ¢

1 (;)2 _ a2(2M—|—m)‘

J:§Ma2—|—m 1

Goi A’ Ia tryc cAn tim va d 13 khodng cich gitta hai truc. Theo dinh Iy
Huygens,

1
Jar = Ja + Md* = 5Ma2 + Md*.
D& moémen quéan tinh vAn bing nhu trudng hgp trude, ta phai c6

a’(2M + m) g8 /m

1
—Ma*+ Md* =
pam A o\ M
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Vay truc A’ phai chon di qua diém cach tdm dia khodng cach d xac dinh
nhu trén.

Cau 4

Goi 0 1a goc quay cia dia (chiéu chon nhu hinh ve).
Dia thuyc hién chuyén déng quay nén moémen dong lugng d6i véi truc
quay la
1

Ly=J0 = §Ma29.

Chuyén ddng ctia con bo gdm: chuyén dong tuong d6i - chuyén dong
tron véi van tdc dai khong ddi u; chuyén dong theo 1a chuyén ddng quay
quanh tryc ciing véi dia. Van toc tuyét doi clia con bo:

—u + ab.
(chi § k§ cach chon chiéu quay duong). Médmen dong lugng ctia con bo:
Ly = —ma(u — af).

Momen dong lugng ctia hé ddi véi truc quay:
1, .
L=Ls+ L,= §Ma 0 — ma(u — ab).

Luc téac dung 1én hé: trong luc ctia dia va ctia con bo. Luc tiac dung 1én
dia quy vé lyc dit tai diém ma truc quay di qua nén moémen cia lyc bing
khong. Mémen cuia lyc tic dung [én hé cling [A mOmen cda luc tic dung lén
con bo:

Mo = mgasin

(chi § k§ cach chon chidu quay duong). O day o la gbc xac dinh vi tri con
bo d6i v6i phuong thing ding hudng xudng.

Ap dung dinh Iy bién thién momen dong lugng cda he,

pm §Ma29 —ma(u—ab)| = mgasing

(M + 2m)a?f

= mgasin .
5 g ®
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D€ ¥ ring géc chuyén ddng clia con bo tai thoi di€m t so véi vi tri ban dau
bang 0+ . Con bo chuyén dong déu nén a(f+ ¢) = ut, suy ra 0= (u/a)—¢,
¢ = —0. Thay vao phuong trinh bi€n thién moémen dong lugng ta dugc sau
mot s6 bién ddi:

. 2mg :
=————" _singp.
7 a(M + 2m) 7
Nhan hai v& v6i pdt = dip, ta dugce:
1 2m
—d(p)? = ——————sin pdep.
5(#) S0 1 2m) Snede

Tich phan hai v& tit thoi diém diu dén thoi diém ¢

2mg

Sle(t)? = (0)°] = m[COS(ﬂP(t)) — cos(p(0))].

Dung diéu kién dau, ¢(0) =0, ¢(0) = u/a, ta suy ra:

4mg u?
.9
14 a(M + 2m) (cosp — 1) + a?

Cau 5

Hé: 6ng try tam C va vat ning A

Vat A thuyc hién chuyén dong tinh ti€n theo phuong ngang. Hinh truy
thuc hién chuyén dong song phing, bao gdm: tinh ti€n theo phuong thing
ding (cung véi A) va quay (tdc thoi) quanh B. Hé ¢6 2 bac tu do. Toa do suy
rong: x - vi tri A theo phuong ngang, ¢ gbc quay ctia 6ng tru.

Céc luc chd ddng: trong luc Py, luc ma sat F,,s = f P, trong luc Ps.

Pong ning cta A:

P2.2
Ty = —2i?,
A 29517

D€ tinh dong ning 6ng try, ding cdng thic tinh ddong ning theo khai tam
O, truc hét ta tinh van tdc ctia C bing cong thic Euler (diém cyc 13 B - tAm
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quay tic thoi)
v =_T ,tap = wec =T+ ap.

B

Dong ning dng tru (J = Ma?)

Py

1 P
To = o= (&+ap)’ + 579" = o= (&% + 2aip + a*@?) + —a*@’.

2 2g 2g

Pong niang cia hé:

P+ P j2 Pra?
1 2 DAL, D10

T=Ts+T-=
29 g g

Cong ctia cic lyc chi dong (gitp tim cac luc suy rong):
—fP251’+P151’+P1a5Q0:>Qm: —fPQ—I—Pl, szPla.

Tinh cac dao ham réi thay vao phuong trinh Lagrange, ta dugc:

P+ P P
1+ 2i—|— 10 .,

Y = —ng‘l‘Pb
g g
P, 2P a?
ﬂ$+ 1a Qp = Pla.
g g
Giai ra ta dugc
P —2fP. .
i o= % (gia toc clia A),
Py(142 P+ P ¢
g1 +2f) PR s cda 0).

a(P1—|—2P2) P1+2P2

59
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Pé thi mon Co hoc ly thuyét

Thoi gian: 120 phut

Ngay thi: 4/6/2009

(Sinh vién dugc phép tham khio tai lieu chi dinh)
Cau 1 (2d) Di€m chuyén dong trén dudng cycloid,

x=a(f —sinf), y=a(l—cosh),

theo luat 6 = bt /a, trong d6 a va b la nhiing hing s& duong. J thoi diém bat
ky, xac dinh van tc, gia toc ctia diém va ban cong clia quy dao tai vi trf ctia
diém.

Cau 2 (2.5d) Mot vat khoi lugng m trugt khong ma sat trén mit phing
nghiéng mot goc a (0 < a < 7/2) so v6i phuong ngang. Cho biét vat chiu stic
can khong khi c¢6 do 16n ti 1é v6i binh phuong van tdc, kv Ban dau vat &
dinh d6c O va duge budng ra khong van téc dau. Vi€t phuong trinh vi phan
chuyén dong ctia vat. Chiing minh van t6c clia vat bi€n thién theo quy luat

V= \/@ (1 _ 6—2km/m)’

trong d6 x 1a khodng cach ti vat d€n dinh déc. Tim van tdc gidi han cla
vat.

Cau 3 (Id) Mot qui lic dong hd gdm: thanh ddng chat chiéu dai 2a, khai
lugng m va dia tron ddng chat ban kinh a/2, khéi lugng M gin v6i nhau nhu
hinh 1. Tinh mémen quén tinh ctia qua lic d6i véi truc di qua O (diém gitia
cta thanh), cho bi€t OC = 3a/4.

60
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b)

Hinh 1: a) Cau 3; b) Cau 5.

Cau 4 (2d) Mot vat khai lugng 4m & trang thai nghi (ddng yén) khi né bi
nd tung thanh ba manh c6 khéi lugng 1an lugt 1a 2m, m va m. Sau khi nd
tung, hai manh khai lugng m duge quan sat thay chuyén dong véi cliing toc
dd u theo hai huéng hgp véi nhau géc 120°. Tim van tdc clia manh c¢6 khoi
lugng 2m. Tinh dong ning toan phan clia hé (gbm ba manh). Vi tri ban dau
cia vat la diém gi cia he?

Cau 5 (2.5d) Con lin A lin khong trugt trén mit phing nghiéng mot géc
« so vGi phuong ngang, [am vat C trong lugng P dugc nang 1én nhd mot soi
day vit qua rong roc B. Con lin A va rong roc B 13 hai dia tron ddng chat
c6 cung trong lugng ) va ban kinh R. B4 qua ma sat lin va ma sat ctia truc
rong roc. Vi€t phuong trinh Lagrange loai hai cho hé. Ching minh gia t&c
ctia C' bing

(@sina — P)g
20+P

Wwe =

Hay chi ra diéu kién trén cac dit kién cia dau bai (khong dugc cho mot cach
tudng minh).

Pap an
Cau 1
Van tdc:
i =0b(1—cosh), §=bsind = v=>b\/2(1—cosb).
Gia toc:
b? b? b?

= —sinf, ¢y=—cost = w=—.
a a a
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Tinh ban kinh cong. Gia toc ti€p:

b? sin
W =0= —
a \/2(1 — cosf)
Gia toc phap:
2
w, — wz_w?_b_ 1—cosf
a 2
Suy ra
Cau 2

Hinh 1: Cau 2.

62

Hé quy chi€u dugc chon nhu hinh v&, truc Oz huéng song song véi mit
nghiéng. Luc tic dung lén vat: trong luc P, phan luc N va luc cdn khong khi

F..

Chi€u phuong trinh vi phan chuyén dong (dinh luat thi hai ctia Newton)

lén truc z, ta dugc:
mi = mgsina — ki’

Nhan vao hai v& véi @dt = dx, ta dugc:

%d(vz) = (mgsina — kv?)dz,

trong d6 v = . Tach bién,

md(v?)
2(mgsina — kv?)

=dx,
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16i tich phan hai v& (chd ¥, bién 14y tich phan bén v& trai a v?), ta dugc:

v2

m
——1In|mgsina — kv?|

oF =z — x(0).

©v%(0)

Dung diéu kién dau, v(0) = 0, 2(0) = 0,

(mg sina — k:vz) 2kx
In _

mgsin o

suy ra

V= \/@ (1 _ 6—2km/m)‘

Qua gidi han, t — oo, ta thu duge (do x — oo):

Vgp, = lim \/@ (1 — e—2ka/m) = \/@

r—00

Cau 3

Moémen quén tinh cia thanh d6i véi truc di qua O:

1 4ma?
Jy = gm(Qoz)2 =3

Mo6men quén tinh cia dia d6i véi truc di qua O (ding cong thiic Huygens):

1. /a2 3a\>  11Ma?
— M (—) M(22) = .
Ja=3M\3) + ( 4 ) 16

Vay, momen quan tinh cta qua lic d6i véi truc qua O:

dm  11MY\
3 16

J:Jt+Jd:(—+
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v ,
T R h

duong phdn gidc

\

Hinh 2: Cau 4.

S

\../
S
<

Cau 4

Hé gdm ba vat ¢6 khai lugng 1an lugt 1a m, m, 2m (ban dau ching két
dinh v6i nhau). Theo gid thi€t ban dau ching ding yén, diéu d6 c6 nghia
12 luc tic dung lén ching bing khong! Ta ap dung dinh 1y bdo toan dong
lugng. Goi v 1a @6 16n van tdc cta vat 2m. Do dong lugng ban dau clia hé
bing khong nén dong lugng clia hé lic sau ciing vay. Do d6 van tdc cta vat
2m c6 phuong chiéu nhu hinh vé, va do 16n dugc tinh nhd sy bio toan dong
lugng

mu cos60° + mucos60° —2muv =0 = v = g

Pong ning cda heé:

T mu? N mu> N 2m (u)2 B 5mu?
2 2 2 4

2

Vi trf ban dau cta vat (O) la khdi tam cla he.

Cau 5

Co hé gdm: con lan A, rong roc B, vat C. Luc chi ddng tac dung lén
hé: trong luc Q, phan luc Ny, trong luc Q, phan luc Np, trong lic P (xem
hinh vé).

Lién két:

Con lian A chuyén dong song phing. Chuyén dich tinh ti€n s va quay
quanh tAm géc ¢. Do lin trugt nén ds = Ry (s = Rp).

Rong roc B thuc hién chuyén dong quay géc ¢ (chon goc thich hgp).

Vat C dich chuyén tinh ti€n z. Do day khong gian dz = s (& = $).
Nhu vay, hé c6 1 bac tu do, chon toa dd suy rong [a x (toa do vat C).
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X
Pv |
Hinh 3: Cau 5.
Pong ning cta con lin A:
Q. QR , 3Q ,
Th=—"> T p? = T2
A 293 + ig % 1y T
Pong ning cta rong roc B:
QR ,  Q .,
T = = —i”
P g Y T "
Pong ning cta vat C:
P
To = —i?
c 2937
Pong niang cia hé:
P+2
T=Ts+Ts+Tc= 205

29

Cong toan phan do lyc chd dong tac dung lén hé:

W = Q@sinads — Pox = (Qsina — P)dz.

Do d6, lyc suy rong Q, = Qsina — P.

65
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Tinh cac dao ham réi thay vao phuong trinh Lagrange, ta dugc:

P+2 1 - P
_; Qi:@sina—P = we =1 = (QSIIDH_IC_Y2Q )g‘

Diéu kién: d€ vat C di len ta phai ¢6 diéu kién Qsina > P.

Loi ban

Cau 4 Cau nay thudng lam cho cac ban ling ting vé luc tac dung lén hé.
Tuy nhién, néu d€ y d&€n cym tit 7 trang thai nghi (ding yén)” thi ta c6 thé
xem, theo dinh luat thi nhat cda Newton, hé khong chiu tac dung bdi lLic
nao ci, hay néi khac di, cac luc tac dung 1én hé can bing.

Cau 5 Mot s6 ban cho 1a hé c6 2 bac tu do! That ra v6i diéu kién ”lan

(=)
a) b)

Hinh 4: Tinh dong ning trong chuyén dong song phing.

khong trugt” ctia con lin thi bai nay chi ¢6 1 bac ty do. Mot s6 ban 4ap dung
may moéc cich tinh dong ning clia con lin gidng nhu cach tinh dong ning
ctia dng tru (cAu 5 ctia dé thi mAu). Nhu trén hinh 4a), 6ng try thuc hién
chuyén dong song phing dugc phan tich bing cich chon B lam diém cuc,
gdm: chuyén dong tinh ti€n ctia diém B va chuyén ddng quay quanh truc di
qua B cta 6ng tru. Con trong bai nay, hinh 4b), chuyén déng cda con lin
gdm: chuyén dong tinh ti€n ctia diém A va chuyén dong quay quanh A cia
con lin. Cac ban nén doc lai 15i gidi trong hai trudng hgp d€ so sanh.
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